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XXXVI. A Difquiftion concerning certain 
Fluents, which are ajjignable by the Arcs 
of the Conic Se&ions ; wherein are invejli- 
gatea fome new and ufeful Theorems for 
computing fuch Fluents : By John Lan- 
den, F. R. S, 


Read June 6, TW /TR. Mac Laurin, in his Treatife of 
lj7l \ 1V1 Fluxions, has given fundry very 
elegant Theorems for computing the Fluents of cer¬ 
tain Fluxions by means of Elliptic and Hyperbolic 
Arcs; and Mr. D’Alembert, in the Memoirs of the 
Berlin Academy, has made fome improvement upon 
what had been before written on that fubjedt, But 
fome of the Theorems given by thofe Gentlemen 
being in part expreffed by the difference between 
an Arc of an Hyperbola and its Tangent, and fuch 
difference being not diredtly attainable, when fuch 
Arc and its Tangent both become infinite, as they 
will do when the whole Fluent is wanted, although 
fuch Fluent be at the fame time finite; thofe The¬ 
orems therefore in that cafe fail, a computation 
thereby being then impracticable, without fome far¬ 
ther help. 

The Supplying that defedt I confidered as a point 
of fome importance in Geometry, and therefore I 
3 earneftly 
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earneftly wished, arid endeavoured, to accomplifh 
that bufinefs; my aim being to afcertain, by means 
of fuch arcs, as above-mentioned, the Limit of the 
difference between the Hyperbolic Arc and its Tan¬ 
gent, whilft the point of contact is fuppofed to be 
carried to an infinite diftance from the vertex of the 
curve, feeing that, by the help of that Limit , the 
computation would be rendered practicable in the 
cafe wherein, without fuch help, the before-men¬ 
tioned Theorems fail. And having fucceeded to my 
fatisfa&ion, I prefume, the refult of my endeavours, 
which this Paper contains, will not be unacceptable 
to the Royal Society, 


i. 

Suppofe the curve ADEF (Tab.XII. fig. i.) to 
be a conic Hyperbola , whofe femi-tranfverfe axis AC 
is —m, and femi-conjugate 

Let CP, perpendicular to the tangent DP, be 

called p ; and put f = - *Z ~ z = £-. Then (as 

X X 2 m m V 

is well known) will DP —~ AD be = the fluent of 

.j i \ . 

... , a. , p and * being each =s to rrt when 

V«* + zfz — a* 

A D is = e. 


2 . 

Suppofe the curve adefg (fig. 2.) to be a qua¬ 
drant of an Ellipjts , whofe femi-tranfverfe axis eg is 

s=2 4 " n > anc ^ femi-conjugate ac = n. Let 

2 Ct 



[ 3°o ] 

ct be perpendicular to the tangent dt, and let the 

T\§ 

abfciffa cp be = n x — • Then will the faid tan¬ 


gent d t be — tn x ———— > and the fluxion thereof 
° h ■+ mz\ 

will be found 


:= jmn'z^zX ™ — 

rP r + mz] 


r l i . 

\m 2 z 2 x 

V# z + 2/a— a* 


In the expreffion - y q -^4 r, let - j -r 

r r+TJl r x « + Jy I a + b y 


be fuppofed = z. Then will y__ j~ 
the propofed expreffion will be 


be =y, and 


a a — b cl 


i — r —* y * ~s ■ 


■1 X 7^Tz[ i+i-r-s 


Taking, in the laft article, r and s each = f, 
qzz = 4 ., = — d= b = i, and c = «% we have 


1 -| 2 
— + J 1 x* 3, — — 
ot m 


/ m 2 rr - 1 y 1 y \ 

\ Vs 1 + 2/> — // 


s — mnz-i z x 


w 1 + OT*I 



m 


c 3°i i 

It appears therefore, that, y being = «* X n% m% 

. lib. 

V rS + 2fy — y x 


imh l z~^ z x 


§ m 2 z 2 z 
*/n z + 2 fz — 
m — a) f 


IS 


4 tfl. z 2 z 


rj * Vw 1 + 2j z 


n 1 + m 2 1 

which, by Art. 2. is = the fluxion of the tang, d t. 

Confequently, taking the fluents, by Art. 1. and 
correcting them properly, we find 
DP —AD-J-FR — AF = Z,+dt. 

CP, in fig. 1. being zzzm^z*-, cp, in fig. 2. =«x 5 

m\ 

CR, perpendicular to the tangent FR — 

\m 2 z 2 z 


+ 2fz — ** 
— im 2 y 2 y 


DP — AD z= the fluent of — 

FR — AF = the fluent of _ , 

VV + 2 fy — y 1 

and L the Limit to which the difference D P — A D, 
or FR — AF, approaches, upon carrying the point 
D, or F, from the vertex A ad infinitum . 


5* 

Suppofe y equal to z, and that the points D and F 
then coincide in E, the points d and p being at the 
fame time in e and q refpeCtively. Then c v being 
perpendicular to the tangent e v, that tangent will 

be a maximum and equal to eg — ac = vW+tT*-* n j 
the tangent EQj^in the hyperbola) will be=V^-|-« 2 j 

the 
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the abfcida BC := m if j 4. —the ordinate 

_ v' nr + n± 

BE = n X /-= 4 ==i and it appears, that 
v m 4- n * * 

L is “ 2 EC^j-2 AE — cv ssuft- 4- *4~ n ~~ 2 AE ! 

Thus the Limit which I propofed toafcertain is in* 
veftigated, m and n being any right lines whatever! 


6 , 


r •£.-!• 

The whole fluent of 2 m z *L. —, generated 

Vs 1 + a/a — z 1 

whilft 2; from <? becomes = m, being equal to L ; 
and the fluent of the fame fluxion (fuppofing it to 
begin when # z begins) being in general equal to 
L 4- AD DP = FR — AF ** dt j it appears* 
that, k being the value of a correfponding to the 

fluent L 4. AD —»DP, will be the value 

of z correfponding to the fluent L -f- AF **- FR, 
and FR —- AF will be the part generated whilft % 

from ~ 1 k becomes = m. It follows therefore, 

n -f- mk 

that the tang, d t, together with the fluent of 

, | 2 |. 

T caatcxsr generated whilft % from a becomes 

vV -t- 2/2, — *♦ 6 

equal to any quantity k, is equal to the fluent of the 
fame fluxion generated whilft a from ^ w ” 1 " £y be* 


cornea s=m, cp being taken 



m. 


Suppofe 



Suppofe k = 

7/2 1 

VV + 2/ 2 - 2* 
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————7-1 its value will then fee 

n x + mi 

• —. Confequently the fluent of 
generated whilft « from 0 becomes 


= + n ' 


together with the quantity 


•\Jm l 4- tf — n, is equal to the fluent of the fame 

fluxion generated whilft z from - ym* 4- «* — — 

becomes — m : and thefe two parts of the ‘whole 
fluent being denoted by M and N refpedtively ; 

M will be n — AE, and N =2= \Jm* 4 - n' — AE. 


i 1 


The fluent of 


\*n z 2 


V«* + 2/2 — 2 2 


being L4-AD—D P, 


the fluent of ■ 




4 -DP—AD —L will be=a.. 


A I 

Therefore, the fluent of- r*”*■ **•*--» 4 - &e fluent of 


VV + 2 2* 


i m-i «• *- 1 * being _^ fluent of i z -i z x 

® W! ■i'll — ■ 5C 


V* z + 2/2 — : 

it is obvious, that the fluent of 2 * z ** .. i S 

V« a + 2/a — ' 

= DP—AD-L 4* the fluent of § 


n z + mzm 
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aDP — AD — L -}- the elliptic arc dg (fig. 2.) 
whofe abfcifla c p is as n x — . 

1 m I 

Confequently, putting E for J of the periphery 
of that ellipfis, it appears that the whole fluent of 

~ ?. m . 2 ” -- - z a , generated whilft z from o becomes 
vV + 2/z — z 2 & _ _ 

•=zm t is equal to E*L=E-{-2 AE -«•— 

8 . 


By taking, in Art. 3. q, r, and s, each = \ i 
and a — — d — b = 1, and c — we find. 


4 . *r u mn—nz z 2 z , y 2 y 

that, if y be =s — . := 4 - n== -;—-i 

J n z + mz + 2/z - z x Vs‘+2 fy-f 

will be = 0. 

It is obvious therefore, that the fluent of 

. 

-t —-— g ——, generated whilft % from 0 becomes 
vV + 2/2 — z* b 

equal to any quantity k , is equal to the fluent of the 
fame fluxion, generated whilft z from be¬ 


comes = m. 

Now, fuppofing k = its value will be 

^ V/w 1 + n z — 

*' ” 4 - 

Confequently, the fluent of ^ ==== .J^ === } gene- 

fated whilft % from 0 becomes = — 

m m 

is 



[ 3°S ] 

is equal to halj the fluent of the fame fluxion, generated 
whilft % from o becomes = m ; which half Jiuent is 
known by the preceding article. 


9- 


It appears, by Ar. 4. that 

| nhtfly . z 2 * 


is = — the flux. of\the tang, d t ■, 


*/n z + 2fy~y 1 *Jn z -{~ 2 fz-z 
and it appears, by the laft article, that 


i m~ 2 h 2 v” 2 


y~y 


rf + zfy 


+ 


| rtf 2 - r? z~ 2 z 


- y- a/ « 2 + lfz — a 2 

ran* — n"y — n'z — my z being 


is = 0; 

«=s 0. 


Therefore, by addition, we have 

4- iz'iz x —- + 

8 m — z 


iy'ty x ” 2+ m ? 


i 


m — y 

szz. — the fluxion of the tangent d t. 

Confequently, by taking the correct fluents, wc 
find the tang, dt (= the tang, fw) = the arc 

ad — the arc fg! the abfcifla cp being =r n x 2LT, 

mi 

the abfcifla cr = » xi , and their relation ex- 

m\ 


n* u x - 


■n*v l 


a a 4 

m u v 


prefled by the equation n 
= o, u and v being put for cp and cr refpeftively. 

Moreover, the tangents dt, fw, will each be 


m uv 


and ct x cwrrcv 2 —ac x eg. 

If for the femi-tranfverfe axis eg we fubflitute h 

nftead of 4- the relation of u to v will be 
Vol. LXI. R r exprefied 
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exprefled by the equation 

n 6 —- « 4 «* — n 4 v z — b z — n l x « 2 v* = <?, and 

dt (=fw) will be = — I I- — x 

If u and v be refpedtively put for fr and dp, their 
relation will be exprefled by the equation 

b a — ■h i u L — b At o'^h' — nr x u z v z = o, and 

dt (= fw) will be = X uv. 


10. 

Suppofe y — to z, (that is, v — u) and that the 
points d and f coincide in e. In which cafe the 
tangent dt will be a maximum , and = eg — ac. 
It appears then that the arc ae — the arc eg is 
= eg — a c. 

Confequently, putting E for the quadrantal arc ag, 

we find that the arc ae is = _ ' _ +/> — « , 

2 

.1 E — b + n » 

tne arc e g =-! 

There are, I am aware, fome other parts of the 
arc ag, whofe lengths may be afiigned by means of 
the whole length (a g) with right lines; but to in- 
veftigate fuch other parts is not to my prefent pur- 
pofe. 

11. 


Taking m and n each = i j that is, a c ( = A C) 

= i, and eg = ^ 2; let the arc ag be then ex- 

7 prefled 



[ 3°7 ] 


prefled by e : put c for \ of the periphery of the circle 
whofe radius is 1 j and let the whole fluents of 


i i • x -i 

— and ~=L= == , generated whilft 2: from 0 be- 
vi — a 1 V x — a 1 


comes 31, be denoted by F and G refpedtively. 
Then, by what is faid above, F G will be = e ; 
and, by my theorem for comparing curvilineal areas, 
or fluents, publilhed in the Philof. TranfaB. for the 
year 1768, it appears that F x G is = \ c . From 

which equations we find F = \e — f v V — 2 c, 

and G — l e i ^e % —- 2 C' 

But m and n being each = i, L is = F ; there¬ 
fore 1 + ^ 2 — 2AE, the value of L, from Art. 5. 
is, in this cafe, z=.\e — | v«‘ — 2 c. Confequently, 
in the equilateral hyperbola , the arc AE, whofe abfcifla 

BC is=V 1 will be = —- — \e + | v V — 2c, 

V 2 V 2 

by what is faid in the article laft mentioned. Hence 
the reBiflcation of that arc may be effected by means 
of the circle and ellipfls / 

The application of thefe Improvements will be 
eafily made by the intelligent Reader, who is ac¬ 
quainted with what has been before written on the 
fubjedt. But there is a theorem (demonftrable by 
what is proved in Art. 8.) fo remarkable, that I 
cannot conclude this difquilition without taking no¬ 
tice of it. 


12. 


R r 2 
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12 . 


Let Ipqn (fig. 3.) be a circle perpendicular to 
the horizon, whofe higheft point is /, loweft n, and 
center m\ let p and q be any points in the femi- 
circumference lpqn\ draw ps, qt parallel to the 
horizon, interfering l mn in s and t •, and, having 
joined Ip, pt, make the angle Ip v equal to / tp, 
and draw r v parallel to q t, interfering the circle 
in r, and the diameter lmn in v. Let a pendulum, 
or other heavy body, defcend by its gravity from p 
along the arc pqrn\ the body fo defcending will 
pafs over the arc p q exariy in the fame time as it 
will pafs over the arc rn ; and therefore, qt and rv 
coinciding when //is equal to / p, it is evident that 
the time of defcent from p to q will then be precifely 
equal to half the time of defcent from p to n ! 

And it is farther obfervable, that, if pqn be a 
quadrant, the whole time of defcent will be 

-7 =- . 

= j J x — 2 c j the radius Im, or mn , 

being —a ; and b being put (for 16 feet) the fpace 
a heavy body defcending freely from reft falls through 
in one fecond of time. 


In general, ns being denoted by d, and the diftance 
of the body from the line p s, in its defcent, by 
the fluxion of the time of defcent will be exprefled by 



the fluent whereof. 


correlponding to any value of x, may be obtained by 
Art. 7. By which article it appears, that the whole 

time 
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time of defcent from any point p will be 
= - X E + 2 A£ —pn — ps. 

b 2, d* X 2 a — d 

The femi-tranfverfe A C (fig. i.) being — ns; 
the femi-tranfverfe c g (fig. 2.) = np\ 

and the femi-conjugate in each figure = ps. 

Since writing the above, I have difcovered a ge¬ 
neral theorem for the rectification of the Hyperbola, 
by means of two Ellipfes; the inveftigation whereof 
I purpofe to make the fubjeft of another Paper. 


XXXVII. A 



